We discuss on the particular case of Rydberg states of a molecule the correspondence between classical chaos and quantum level distributions.
Introduction:
We will use the study of Rydberg states of a diatomic molecule as an example to check some ideas on the correspondence between classical chaos and properties of the spectrum of a quantum system which has the same Hamiltonian. We will see that results agree with expectations in the semi-classical limit (h -> 0 or large quantum numbers), but that they do differ for understandable simple reasons in more quantal cases.
The hypothesis we want to check was put forward by nuclear physicists (O. Bohigas et al, 1) , and is based on qualitative arguments made by E.P. Wigner as early as 19562 .
The idea of Wigner was, when analysing very complex spectra of highly excited nuclei, that if levels are not coupled their position should occur at random, as with a random number generator, while if they are coupled they should repell themselves. In the first case nothing prevents them to be very close, so that a simple computation shows that the nearest neighbour spacing distribution peaks at zero spacing (Poisson distribution). In the second case the repulsion make this distribution to peak at non zero spacing (Wigner distribution) (See Fig 1) . Bohigas In classical mechanics this situation corresponds exactly to the following one. A zeroth order Hamiltonian has enough first integrals or actions to be integrable (enough means a number n equal to the number of degrees of freedom of the system). Its motion is quasiperiodic, i.e. is the combination of n independant oscillations (it is perodic if the frequencies of these oscillations are commensurable). Now if a perturbation has lower symmetry, destroying at least one of the action integrals (quantum numbers in quantum mechanics), the motion becomes chaotic.
The hypothesis was thus that there is a correspondence between change in level statistics in quantum mechanis (transition from Poisson to Wigner nearest neighbour distribution), and transition to chaos in classical mechanics, both being due to some lowering of the symmetry of the system by a perturbation.
Method of Analysis. Before checking these ideas on a particular system, it is important to elucidate the relationship between quantum spectra and time evolution of a quantum system. The reasons are twofold:
(i) A practical reason for us is that we are basically spectroscopists of polyatomic molecules: in this case experimental spectra are frequently badly resolved, but we have shown 3 that it is possible even in this case to recover important features of the time evolution (or to make directly time measurements).
(ii) A theoretical reason is that classical chaos is basically a property of time behaviour of the systems so that physical insight on the correspondance is more likely to appear on the time evolution than on the spectrum, even if experimentally the spectrum comes first.
The correspondence is made through the usual formula which relates the spectrum intensity to the dipole autocorrelation function of the molecule. . This is basically a Fourier transform of the spectrum with a weight <e I D I e'> which is a Franck Condon factor.
One computes then the average
where R 2 is some selected probability distribution to have a level at E e and lq another at Ee'. The important part of this distribution is the two level repulsion term Y2( Ee-Ee' ), whose Fourier transform b2(t) appear in the result of the computations. These results are sketched on fig 2 for three simple limiting cases of level distribution:
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(a) purely random (Poisson distribution), (b) GOE or levels obtained by diagonalizing matrices with all terms, diagonal and off diagonal, randomly Gaussian distributed with the same order of magnitude, a model case for strong coupling which has been shown to give Wigner distribution of nearest neighbour spacings (c) an equidistant set of levels (dubbed picket fence).
Notice that cases (a) and (c) correspond to two integrable cases, namely a set of uncoupled anharmonic oscillators, which has been shown to give Poisson nearest neighbour spacing distribution by Berry and Tabor 4, and a single harmonic oscillator, while (b) is supposed to correspond to a non integrable case.
The interpretation is the following. In case (a) there is a high fast peak at time zero (amplitude N 2, where N is the number of levels, width l/A, where A is the energy span of the set of levels). This fast peak is followed by a small (N) long (time given by the width of the levels, usually due to some decay process) decay. In case (b) the coupling introduces after the fast peak a "correlation hole", i.e. a suppression of emission up to times corresponding to the reciprocal of the repulsion between the levels, whose shape is given by the "two level form factor" b2(t ). In case (c) there are regular recurrences of amplitude N 2, at times given by the oscillator frequency. Transition from (a) to (b) can be thought of as the appearance of the hole corresponding to the level repulsion, which generates a more ordered sets of levels. Transition from (c) to (b) can be thought of as a broadening of all the recurrences which makes them to merge a broad plateau, leaving only a hole between the initial fast decay and the time where there was formerly the first recurrence.
This case corresponds to a lower ordering of the level set.
Rydberg Spectrum of Na 2. At low energy the Rydberg electron is strongly coupled to the molecular core, giving rise to the so called Hund's (a) coupling case of spectroscopists, where the projection A of the angular momentum L of the electron on the molecular core axis is a good quantum number.
At high energy the electron is practically no more coupled to the core, giving Hund's case (d) coupling: A is no more a good quantum number, but N +, the angular monentum of the core becomes a good quantum number. Coupling between core and Rydberg electron occurs only during short temporally well distant collisions. The Hund's case (d) is never truly attained for this reason.
In between, there is thus the breakdown of a quantum number, A, which should correspond in classical mechanics to a transition to chaos. In quantum mechanics, the breakdown of selection rules associated with this quantum number should produce an increase of complexity of the spectrum.
Experimentally however, it was observed after the onset of spectral congestion due to this phenomenon, that "clear" zone appear, where the number of lines drastically decrease 5 .
The qualitative explanation was the f o l l o w i n g 5. Clear zones appear when the splitting of the rotatinal levels of the core is equal to k times the separation between consecutive Rydberg levels. This means that every time the Rydberg returns to the core, the core has rotated an integral number of half turns, so that the electron sees it at the same position. The coupling is thus the same as at low energy where the core has no time to rotate between two collisions, so that the coupling returns to Hund's case (a) and the selection rules which simplify the spectrum reapoear. At ,~c) S) intermediate energies, to the contrary the electron sees the core at a rather random position, and this collision destabilizes its orbit if the interaction is strong enough. We show in Fig. 4 , the transition to chaos in one particular case, namely when sitting at the energy corresponding to the first resonance and increasing the coupling, i.e. the strength of the collision between the Rydberg electron and the core. A more complete description is given e l s e w h e r e 6. In this figure one launches various classical orbits and plots on a sphere after each collision a point which represents the position of the angular momentum L of the electron in the molecular reference frame. This frame has Oz axis along the molecular core axis, and Ox axis along the molecular core angular momentum N +. Points appear first on lines, which means that the motion is regular. One sees first the transition between Hund's case (d) at no coupling (L is fixed in laboratory frame, so that it seems to rotate around Ox axis in molecular frame), and Hund's case (a) at moderate coupling (The coupling produces a rotation around molecular Oz axis). When increasing further the coupling the conflict between these two axis of rotation produces the transition to chaos, which is evidenced by the points filling a surface instead of lines on the sphere.
The spectrum is computed accurately by using Multichannel Quantum Defect T h e o r y 5. One sees first clearly on Fig. 5 the onset of level repulsion when increasing c o u p l i n g .
The time behaviour is more complex (Fig. 6) . There is always a peaked structure. This structure correspond to the fact that the period of revolution of the electron on its orbit is rather constant. This is due to angular momentum selection rules and a proper choice of angular momentum L and N +. Averaging on this peaked structure is equivalent to consider longer time evolution of the molecule, i.e. its average evolution after several collisions,
In the no coupling case one has at long time a constant C(t) 2, which was expected after Berry and Tabor 4 for a Poisson spectrum. There is however a strong peak at short time (not to be confused to the initial N 2 "fast decay" which occupy only channel 0 in these computations). This corresponds to the fact that the spectrum is not random but strongly clumped. The system is more like an harmonic oscillator of Fig 2c that to an ensemble of anharmonic oscillators of Fig. 2a . The evolution to an average constant at longer times is due to anharmonicities. It shows that one has not a generic situation, the anharmonic case, and an exceptional situation, the harmonic case, as stated by Berry and Tabor 4, but rather a time evolution between the two cases, the time constant for the transition between the two situations beeing the reciprocal of the anharmonicity. When increasing coupling transition to chaos in the classical system is paralleled as expected by a transition to the prediction of GOE (solid line) in the average (i.e. long term) time evolution. Discussion. The predictions of the Bohigas et al 1 conjecture are thus nicely confirmed in this case, even if the distinction between short term stability and long term chaos introduces some complexity in the analysis. This is not too surprising since this conjecture has received since then a theoretical support by Berry 7 , elaborating on the semi classical theory of Balian and Bloch 8 and Gutzwiller 9. But it must be realized that this is valid only at the semi-classical limit, which is rather well obtained for high Rydberg states considered in the present analysis. This is easily understood on a very simple model. Consider a circular billiard (i.e. a free particule bouncing on a circle). This is a separable system because there is a first integral, the vertical component of the angular momentum around the center of the circle, due to the invariance of the system by rotation around this axis. Levels corresponding to different values of this angular momentum do not repell, and can be arbitrarily close, giving a Poisson-like nearest neighbour spacing distribution. The corresponding classical motion is quasi periodic. Introduce now a fine granularity on the boundary. This has a drammatic effect on the classical system because trajectories which are initially very close but bounce off opposite sides of a grain separate rapidly. It has been shown that the system becomes chaotic in fact as soon as there is a convex part in the boundary, and that this is valid at any energy (i.e. velocity of the particule, which corresponds only to a time scaling). But quantum mechanics being a wave mechanics does not feel the granularity up to energies when the wavelength is of the order of magnitude of the grain size. It is only at this energy that level repulsion appear and that the spectrum becomes Wigner-like.
The conclusion is that quantum mechanics is intrinsically more stable than classical mechanis. This ad hoc model is rather peculiar, but one must be aware than when one increases even very moderately the number of the degrees of freedom, as in small polyatomic molecules, one has easily situations in which at relevant chemical energies the level density is very high, enabling precise level statistic analysis of the kind we have illustrated in Ryberg states, but the system is by no means semi-classical, because the level density is due to a combinatorial explosion of the number a ways to attain a given energy by distributing quanta among modes.
An other very important point to notice when attempting to apply this kind of ideas to non bound systems, like in collisions, is that classical chaos is a property of long time evolution (infinite time in theory) of the system. There is always, even in classical mechanics, time constants to attain such a situation, so that a chaotic system may well be regular if observed on too short times: think to the distinction between short time and long time behaviour in our molecular Rydberg case. Quantum mechanics introduce a further time limitation. Notice that for long times the two cases of Fig 2a and 2b which correspond to a regular and a chaotic system give the same (constant) limit. (Fig 2c, the harmonic oscillator is very peculiar because it is known that there is no wave packet diffusion so that the predictions of classical and quantum mechanics agree up to infinite time). The two, Fig 2a and Fig 2b situations merge at time corresponding to the reciprocal of the average level spacing, i.e. when Heisenberg's uncertainty principle forces the system to recognize that it is quantal.
